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L infinite trumpet-shaped model of the cochlea

Bruin

\CT

[n this paper a semi infinite trumpet-shaped model of the cochlea is
ited. By means of conformal mapping and other general techniques of
X variables an asymptotic solution is obtained. The result of this
meets the well-known effects as appear in other mathematical models
> subject. Finally an asymptotic solution is given as the radius of

‘umpet vanishes.

JRDS & PHRASES: elliptic partial differential equation, semi infinite
cochlea model, theory of complex variables, biomathe—

matics







1. INTRODUCTION

The cochlea, part of the inner ear, is a small fluid-filled snail-
shaped chamber which contains the biological structures that convert mecha-
nical acoustic signals into neural signals. The essential role of the outer
and middle ear appears to be that of an impedance matching device which
transduces airborne acoustic energy into motion of the perilymphatic fluid
contained within the cochlea (Fig. 1.1.) To achieve some understanding about
the fluid mechanics in the inner ear we uncoil the cochlea. This tube con-
sists, roughly spoken, of two equal parts: the scala vestibuli and the scala
tympani. Both parts are separated by the basilar membrane, where the mecha-
nical signals are converted into neural activity. At the basic end we find
two other membranes, one which passes the stimuli form the middle ear into
the scala vestibuli (the oval window); the other, at the end of the scala
tympani, is called the round window. The basilar membrane ends just short

of the cochlear apex leaving a small opening : the helicotrema (Fig. 1.2.)

A Cochlea, B Quter ear, C Middle ear

D Stirrup, E Oval window F Round window.
G Scala vestibuli, H Scala tympani,

1 Helicotrema, J Basilar membrane.

Fig. 1.1. The auditory system Fig. 1.2. Uncoiled cochlea

'he airborne acoustic signal sets the eardrum into motion which in turn
auses motion of the middle ear bones. One of these bonés (the stirrup) is
ttached to the oval window. The oscillatory motion of the oval window is
ropagated to the cochlear fluid which in turn causes the round window to

scillate. This fluid also forces the basilar membrane to oscillate in a




vecific way. It is the motion of this membrane that has our interest in
1is note.

: shall consider a two-dimensional mathematical model, hence we neglect
lysical properties that do depend on the width of the cochlea. The proper-
es of the cochlear fluid are described by the local velocity vector
t(u,v,t), m(u,v,t)), the pressure p(u,v,t) and the fluid density p. The

nearised equations of motion are
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the cochlear fluid is taken as incompressible, the equation of continuity

ads

.2) e
nditions (1.1) and (1.2) make that p satisfies the potential equation
» = 0. Since there exists geometrical symmetry, i.e. p(u,-v,t) = - p(u,v,t),
: neglect the scala tympani.
The boundary condition at the oval window may be taken as p = Py exp (iwt)
express the harmonic character of the input. Because of the linearity
the model Py may be given by any arbitrary value. That is, we consider
oscillatory process where all time dependent variables contain the same
ctor exp(iwt). For the sake of convenience we omit this factor in the
esent paper, moreover we set Py = 1.
The boundary condition at the basilar membrane describes the reaction
this membrane upon the external pressure force exerted at it. It will

pend on mass, damping and stiffness of the membrane per unit area.

periences of DE BOER [2] learned that
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.3) p = A(u) v A(u) = 5 (0.05 ———;5——— i — ),

ere the upperbound of the frequency w is about 16 kHz and the lower bound

kHz. The density p is taken 1. Equation (1.3) is the so-called basilar




ane condition. A remarkable feature is that the real part of the func-
A(u) vanishes for a positive value of u. This "point of resonance'" will

our special interest. The other conditions are obvious.

MI-INFINITE "TRUMPET-SHAPED'" MODEL

Consider the following model of the cochlea as a semi infinite trumpet-—
d strip (see Fig. 2.1). The curvature in this model is quite arbitrary
hould be choosen such that there exists a comformal mapping which trans-

the trumpet-shaped model into a infinite strip.
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Fig. 2.1. Trumpet-shaped model

pper and lower curve in Fig. 2.1 represent the bony housing of the

ea, the straight line is the basilar membrane. Intersection of the up-

urve with the membrane represents the oval window, intersection of the
curve the round window. Finally the model represents at infinity the

otrema.

In the present paper we choose as a conformal mapping the Joukowski

formation, i.e.

fw) = ug [(w - — t Y 1,

w=u+ iv, f(W) = x + iy and u_ ,u,,u, ¢ R. Of main interest is the
1272273 10
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ug = 31n "

1.3). Furthermore we wish to obtain that f(uo) =0 or

where the real part of A(u) vanishes, that is u =

u,y see (2.4)), which leaves one degree of freedom. With this we are

to regulate the slope of the curve.




Using the Jacobian of the transformation at v = 0 we obtain for the

silar membrane condition B(x)-é%} = p the following
uj x 2 x2 2% 1/2
B(x) = A()(u v —- ), u =13} (-u+ —+[u, + — - —— +4u, 1 ' 7)°
3 u2 2 u3 2 u32 u3 1

th (2.2) and for [x| small u can be approximated by

u~ — + u
2u3 0
is yields
2000 109 3
.3) B(x) ~ (0.025(1-i ) + —— exp (- 2% - 3u.)) x
w w2 2u 0
3
X 2
[u3-+u1/(iﬁg uo) ]
w set
2 -1 u, 4.10% 172
. 4) uy =3 and u = 0.025(u. .+ Y(1+ 5 )
3 3 U02 w
en (2.3) reads
B(x) ~ 1 (eff+e™™),
4.10%%+16.10'2\1/2 , 4.10°
ere € = - arctan ) ) and v = = jln (1+ 5 ) -
w4 .10% w

e constant v(w) causes a shift of the curve. It is obvious that for in-
easing w the curve moves to the left. Apart from this important phenomenon
neglect v (set v=0),.

In Fig. 2.2 respectively Fig. 2.3 the model before and after conformal

pping is shown.
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Fig. 2.2. Original model, n is the normal vector to the curve.
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Fig. 2.3. Transformed model , h = %—b.

TINITE STRIP MODEL

[n this section we build up a solution for the above mentioned model.

00l will be the residue theorem. We rewrite the basilar membrane

ion as

(1-e” (x*ie)) ——gg -ue p=0.

e ¥ =68 . We propose the following integral representation

P(X,Y) =1-

1 fe s (x+ie) cos s(h-y) 6 (s) ds .
cos sh

271
L

1ieve some understanding about the behaviour of p as |x| =+ « we con-

the auxiliar problem (3.3)




~

Aq = 0 on the upper half plane y >0,
3.3) _ .
< (1-e (X+1€)) 29 §g=0 if y = 0,
dy
q=1 if x>=-o, q=0 if x» »,
-
are the solution is q(z) = (l—eZ+1€)—16 » Where z = x+iy . We introduce

similar representation as in (3.2) for q, that is

] - o—or

3.4) (l_ex+1s)—16 _ 2;1 J es(x+1z—:) W(s)ds,y = 0.
L

°t x +ie = t and apply the Laplace transform

v(s) = J e St - (1-eH 189 4
- with T = et
3.5) Y(s) = J S o8 4
0

mditions for Y(s) to be regular are

=S

}.6a) T -l []—(I—T)—lavjdr convergent as T->0,

o—

-S

i.6b) T -1 [1—(1—T)_16] dt convergent as T> » ,

——3

: is obvious that (3.6a) yields Re(s) < 1. Since Re(-i§) < 0 for the inne
\r case the part between brackets in (3.6b) can be approximated by 1 and
mce we find that ¢(s) is regular on the strip O < Re(s) < 1. A proper
oice of L is {c+ic|0<c< 1, - ®w < g < » }. Furthermore we can express

}.5) as

T(1-s) I (1-58) _ ;=18 T(s+i8)T (1-16)

. 7) b(s) = — T(1-s-1i6) T(s+1)




The boundary value of the auxiliar problem (3.3) as x + « immediately fol-
lows from the representation (3.4), since on L we have Re(sx) = ® as x - -,
The boundary value at x = + = is less obvious. It is obtained by shifting L
across the pole of ¢ at s = 0. Taking into account the residue at this pole
we infer that indeed q vanishes as x - =,

For ¢ introduced in (3.2) we expect the same phenomenon as x =+ « : we
suppose that ¢(s) behaves like y(s) so that ¢(s) has a pole at Re(s) = 0

With this assumption we find for the boundary condition

ct+ie
1 : -
lim p(x,0) = 1- — 1lim s(x+ie) cos s(h-y)
x>0 p(x,0) 211 e ¢ cos sh ¢(s) ds
c—1ie
c—1+i%
1 . s(x+ie)
=1 -5~ lim e cos s(h=y) ¢(s)ds- lim s ¢(s)
2mi x> . cos sh 5*0
c—1-iw
=1-1im s ¢(s) =1 - lim sy(s) = 0,
s>0 s>0
where we assumed that %im | ¢(s) = 0 (proof later). This leaves only
m s|> o

one boundary condition that should be satisfied, namely the basilar membrane
condition (3.1).With the aid of (3.2) we can rewrite (3.1) as

ctiw
(3.8a) J eS(X+l€)(6—stansh)<p(s) + e(s—l)(x+1e) stansh ¢ (s)ds = 2mié

c—1®

or
c+io c—l+iw

(3.8b) J eSCXFLIE) (5 ransh)¢(s)ds + J eSCHLE) LY tan(s+1)h o (s+1)ds = 27118
c—1ie c—l-iw

Now we shift the contour of the second integral to the contour of the first
integral of (3.8b). Here we pass a pole at Re(s) = 0 of the function ¢(s+1).
Ne prescribe the residue of the function es(X+iE)(s+1) tan (s+1) h ¢(s+l1) at
this pole to have the value §. Existence of this pole is proved later. Hence

ve find for (3.8b)




ct+ie

J oS (x*ie) [ (8-stansh) ¢(s) + (s+1) tan(s+1)h ¢ (s+1)]ds = 0

c—1iw

r all x € R, so

¢ (s+1) _ stansh - §
$(s) (s+1) tan(s+1)h

e problem is solved when we can obtain ¢(s) from the functional equation
.9) and when this ¢(s) meets the conditions imposed. We are not able to
1ve (3.9) explicitly,and we proceed with the assumption that h is small.

. that event it is plausible to replace (3.9) by

.10) (s+1) _ s?-k?

, k’=8/h.
$(s) (s+1)

particular function which satisfies this homogeneous functional equation

* _ T'(s+k) I'(-s)
¢ (s) = T(1+k-s)T(s+1) ’

ere I' is the gamma function.

MMA 3.1. If ¢*(s) s a solution of equation (3.10) and g(s) is a periodic

netion of s of period 1 then 0" (s) g (s) <s the most general solution.

So here we find

I'(s+k) I'(-s)

.11) $(s) = g(s) T(1+k-s) T (s+1) °’

2re g(s) is a periodic function of s of period 1. Here we suppose that g

a holomorphic function. Now consider the condition lim o(s) = 0.
[Im s|+ =

z > o in |larg z| <7 we can use Stirling's formula for the gamma function

- 1 1
r(z) ~e 7 2° 202m?%,




e ¢(s) in (3.11) can then be approximated by

g(s) ([ stk \& 27 (s+k) (1-s+k)1572
b(s) ~ ( Pl
s(1+s) \1-s+k/ (=s) (s+1)

3 = y+io, 0<y< 1, y,o0e R. Taking the limit on both sides for

>

-o we conclude that g has to satisfy

Y+10
g((l) > 0 as]Ol—»m.

(y+i0) (1+y+10)

is
2 .
g(z) =0(z") as z->y £ i o,

>, since g is periodic, Yy can be any real constant. Finally the con-
»n that the constant part of (3.8b) should vanish yields

+ig -1-
2mi  lim 5;0( t )(s+1)2 sh [(stl+k) T(~1-s)

s>0 I'(k-s) I'(s+2)

g (s+1) = - 27wis .

1egative sign of the right-hand side is due to the opposite direction of
rontour. It is observed that tan (s+1)h is replaced by (s+1)h as has

done in (3.10). We then read

lim s I'(-s-1) g(s) = - k,
s=>0
. s g(s) -k
lim —m—m— = —
s»0 Sin (ms) Ui

> g(s) is an analytic function on the complex plane it is obvious that

= - k.

. 3.2, If g(z) is an analytic function, periodic in s with real period

z) = o(zz) for |Im z| +», then g(z) is a constant function.

Since g(z) is analytic and g(z) = o(zz) for |Im z| »», there exists

itive number N so that the following inequality holds




lg(2) | <N |1+2|?

or all z ¢ €. The nth derivative of g(z) at z = s is given by Cauchy's

ategral formula

(n)() § g(Z) dZ, n=l,2,...,
2W1 (z—s)n+1

ot 2,52, be any two points in the complex plane and let C be a contour such

1at Zl,z2 are inside C. Then
| g(z)(zl—zz)(Zz—z]—zz)
\ ]
g'(z)-g'(z,) = = dz
1 2 21 — 2, _ 2
c (zzl) (zzz)

]z]—zzl l]+zlzlz—zl+z-zzl
1] —o! < —_—
E (z)) ~e'(z))] 2m Nﬁ | z-2 [2|z—z | o
C 1 2
ike C to be a circle whose centre is at z, and whose radius is p 22[21—22];
. i6
1 C write z = zl + pe .
nce [z—z]] = p and < |z-z l < > p so that
Izl-zzl 27 {i1+zllz+20il+zll+pz}% 0’
lg"(z)) —g' (z,))|s ——— N f 7 de
Zm 0 ip
ike p » » keeping z, and z, fixed then it is obvious that
2T
lz,-z,]
v —_— ! < - & = -
lg' (z)) —g'(z,)] < N f 10 do = |z -z,[10 N.
0 _
g1 (z1)~-g1(3,) . . gt (z)-g' (z,)
) D 2 is bounded hence g"(z) = 1lim 2 is bounded
Zl_ZZ Z>Z Z_Zz

)r all z € C. Now apply Liouville's theorem and find that g'(z) must be a
mstant function. But then, since g(z) is a periodic function, it must be

constant function as well, []

11s lemma vields

g(s) = - k




for all s € C. Expression p(x,0) can now be solved explicitly. To do so

s(x+ie)

first integrate [ e $(s) ds . Since the integral should converge a

division of the x-axis is made. Define

r
ctico I(s+k) T(-s) K(x) for x <0 ,
J X.e s (x+ie) ds = <

c—iw F(1+k=s) T (s+1) E(X) for x > 0 .

Again use is made of the residue theorem

v _ s(x+ie)
A(x) = 2mik lim (s-n) I'(s+k)I'(-s) e
n=] S°n I (1+k=-s)T (s+1)
B v I'(s+k) I'(-s) .
B(X) = ~ 2wik Z 1im (S+k+n) eS(X+1€)

n=0 s>—k-n I'(1+k-s) I'(s+1)

I'(s+k) I'(-s) +i
+ 211 lim s es(X ie)

s>0 T'(1+k-s) T (s+1)

That is

X+1¢g

(3.12a) A(x) 2mi [F (k,=k, 1,e )-11, =x<o0,

2
_k(X+i€) oi r (k)

(3.12b) B(x) (k,k,2k+l;e = *€)

- 2ki e n (k) 2F1
I'(2k+1)

+ 211, x>0 -

Here Fldenotes the hypergeometric function. Hence

2

) +1
(3.13a)  p(x,0) = 2 - ,F (k,~k;1;¢¥ %) , x<0,

e—k(x+1e)

(3.13b)  p(x,0) = I'(k) JF (k,ks2kel; e ¥7€) | x>0
T (2k+1)T (-k)
—_——1 . . -x-1ieg
Since lim  __ oF,(k,k;2k+l5e ) = lim L oF (K k3 2k+15e ) = 1w

indeed find that




x¥3§m p(x,0) = 1 and i%gn p(x,0) = 0.
reover it is observed that p{x,0) is bounded for all x ¢ R and discontin-
us at x = 0. Recall that the found expressions (3.13) are approximations
r p(x,0), since we replaced (3.9) by (3.10).

As has been stated in section 2 the curve (3.13) moves to the left for
creasing w. Furthermore € (e <0) increases if w increases. But then
(0,0)I decreases. This is a well known effect, see e.g. LESSER & BERKLEY
1.

Fig. 3.1. Global behaviour of |p(x,0)]

nally we wish to obtain some asymptotic expression of p(x,0) if h is small,

e. |k| is large (with small negative imaginary part in the inner ear case).
rst we treat the case x> 0. Set w = e © '°, We make use of the integral

presentation of the hypergeometric function and find for (3.13b)

1
k
p(x,0) = — % f F -0k a-e0) 7K ae
I'(-k) I'(k+1) 0

1 1In(1- - -
14) 5 (x.0) kilnt + 1n(1-t) 1n(1 tw)}d

1
k sin 7wk J
B R t .

k

o

0

: apply the saddle point method for the integral of (3.14). Set

t) = Int + In(l-t) - In(l-tw). Notice that d ¢(t) /dt = 0 yields
—1

5 = 11w ppe point of interest is t, = 1=/1-w .
H w 1 w




» define

u2 + A,

Nl

) p(t) = -

t =t if u = 0. This implies

A=2ln<m ) °
w
3.14) we read

1 dt
t du

k sig k (1—/3?%7 >2k[

) p(x,0) = - w

ler the part between brackets. Using (3.15) we find

2
du d¢ I-2t+t w
t(1-t) (1-tw)

s5ing L'Hospital's rule letting u > O,

_ ‘/(l—tlf

1

(3.14) reads

k sin nk [ 1-/1-w e i 12
) p(x,O) ~ T w

w \ w 2(1-/1-w)

- +1
W= e (x+1ig) ,

1e case that x < 0 we obtain from ERDELYI [3,p.77] the

Lon

1
2V

) (ks 15v) = V2 (ke akEy

/N
+
® |
Y
N’
Nl
=

g is defined by

13

cu
du

1/2

wing ex—

)




1 - 2v + 2 (vz—v)l/2 = eE .

Hence for small h (3.13) becomes

1 /1—v—(v2'~v)]/2 \1/2]£]/2
2/ \ v+ (v2vy1/2 )/

.19a) p(x,0) ~ 2 -

x {(=2v+2(v =) 2K 4 (1m a2 (vEeny 12k

x+ie
v =e and x<0,

‘ . 1o 2k V1= ' -
.19b) p(x,0) ~ - Wk sinmk ( 1-V1-w > ( w ) 1/2 K 1/2
/! w 1- /1-w'
w=v ! and x>0-

om the above asymptotic approximations it follows that the function p(x,0)
exponentially decreasing when x is positive and it is oscillatory when x

negative. This is in agreement with the known behaviour obtained from

her models.
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